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Abstract. Usually the Lagrangian of a model for massive vector bosons 
is derived in a geometric way by the Higgs mechanism. We investigate 
whether this geometric structure is maintained under the renormaliza¬ 
tion group (RG) flow. Using the framework of Epstein-Glaser renor¬ 
malization, we find that the answer is ’no’, if the renormalization mass 
scale(s) are chosen in a way corresponding to the minimal subtraction 
scheme. This result is derived for the [/(l)-Higgs model to 1-loop order. 
On the other hand we give a model-independent proof that physical con¬ 
sistency, which is a weak form of BRST-invariance of the time-ordered 
products, is stable under the RG-flow. 
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1. Introduction 

By the renormalization group (RG) flow we have a tool to describe a QFT- 
model at different scales. In this description, the basic fields, the gauge-fixing 
parameter, the masses and the prefactors of the various interaction terms are 
scale-dependent quantities. 

On the other hand the derivation of the Lagrangian of a model for mas¬ 
sive vector bosons by the Higgs mechanism, i.e. by spontaneous symmetry 
breaking of a gauge theory, implies that the prefactors of the various inter¬ 
action terms are uniquely determined functions of the coupling constant (s) 
and masses. 

Do these functions remain unchanged under the RG-flow, i.e. under 
an arbitrary change of scale? This question is a reformulation of the title 
of this paper. Since the non-trivial contributions to the RG-flow come from 
loop diagrams and different interaction terms get different loop-corrections, 
it is uncertain, whether the answer is ’yes’. Or - one can come to the same 
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conclusion by considering the underlying frameworks: the Higgs mechanism 
is formulated in classical field theory and, to the best of our knowledge, it is 
not understood in a pure QFT framework; on the other hand, the RG-flow 
is a pure quantum effect. 

Some readers may wonder, whether the Lagrangian of the scaled model 
describes still a consistent QFT-model, if it is not derivable by the Higgs 
mechanism? The answer is ’yes’, for the following reasons: since Poincare 
invariance, relevant discrete symmetries and renornralizability are maintained 
under the RG-flow, the crucial requirement for consistency of a quantum 
gauge model is physical consistency (PC) [13[9]. This is the condition that the 
free BRST-chargqj commutes with the “5'-matrix” in the adiabatic limit, in 
order that the latter induces a well-defined operator on the physical subspace. 
We give a mo del-independent proof that PC is maintained under the RG-flow 
(Theorem Id. Ill . 

In the literature we could not find an explicit ’yes’ or ’no’ to the question 
in the title. However, some papers silently assume that the answer is ’yes’ - 
see the few examples mentioned in [TT| Introduction]. The answer certainly 
depends on the renormalization scheme. 

We work with the definition of the RG-flow given in framework Epstein- 
Glaser renormalization [12] : since a scaling transformation amounts to a 
change of the renormalization prescription, it can equivalently be expressed 
by a renormalization of the interaction - this is an application of the Main 
Theorem, see pn nu m [3]. The so defined RG-flow depends on the renor¬ 
malization scheme via the two possibilities that the scaling transformation 
may act on the renormalization mass scale(s) or it may not; and this may be 
different for different Feynman diagrams. 

We investigate the question in the title by explicit 1-loop calculations 
- the technical details are omitted in this paper, they are given in HU. To 
minimise the computations, we study the model of one massive vector field, 
that is, we start the RG-flow with the [/(l)-Higgs model. 

2. Precise formulation of the question 

Lagrangian of the initial model. The just mentioned model has one mas¬ 
sive vector field A M , the corresponding Stiickelberg field B, a further real 
scalar field <p (“Higgs field” ) and the Fadeev-Popov ghost fields (u , u). The 
Lagrangian reads 

Ltotai - p2 + \ - H($) + Lgf + Lghost , (2.1) 

where ~ means equal up to the addition of terms of type d a A } where |a| > 1 
and A is a local field polynomial. In addition we use the notations F 2 := 

$:=*£ + — + if, := — in (2.2) 


x That is the charge implementing the BRST-transformation of the asymptotic free fields. 
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and 

V($) := ($ $) “f ($ $) + ’ (2 ' 3) 

where k is the coupling constant and m and to# are the masses of the A- 
and y)-field, respectively, as it turns out below in (12.61) . The gauge-fixing and 
ghost Lagrangian are given by 

L gf :=-|(a4 + ^H) 2 (2.4) 

and 

Tghost := dudu -— uu - uup , (2.5) 

respectively, where A is the gauge-fixing parameter. The masses of the A- 
and p -field are generated by the Higgs mechanism. 

In view of perturbation theory we split L to tai into a free part Lq (all 
bilinear terms) and an interacting part L (all tri- and quadrilinear terms): 

L 0 = --F 2 + —A 2 + l(3Bf - AL b 2 - 

0 4 2 2 K ’ 2A 2 y ' 

+ -(dp) 2 — —— <p 2 + dudu — — j- uu , (2.6) 

2 2 A 

L = u(mA 2 p — ^—uup + B(Adp) — ip(AdB) — ^ALp 3 — , -^ALB 2 p] 

V A 2m 2 to / 

+ *(^V+ (2-7) 

where V 2 := V^V^, VW := V IJ W lt for Lorentz vectors V,W € C 4 . 

Remark 2.1. The BRST-transformation is a graded derivation which com¬ 
mutes with partial derivatives and is given on the basic fields by 

s A^ = d^u , s B = mu + k up , s p = —u Bu , 

vn 

su = 0, su = — A (dA + — B) . (2.8) 

By so := s| K= o we denote its version for the free theory. We point out that L 
and Lq are invariant w.r.t. the pertinent BRST-transformation: 

sL — 0 , sqL 0 — 0 > (2-9) 

where — has the same meaning as above. 

Definition of the RG-flow. In view of Epstein-Glaser renormalization T2 we 
write 

L = kL 1 + k 2 L 2 (2.10) 

and introduce an adiabatic switching of the coupling constant by a test func¬ 
tion g G V(R 4 ): 

L (g) = Lm (g) ■= j dx (k, g(x) Li(x) + (k g(x)) 2 L 2 (x)} . 

For later purpose we have introduced the upper index m := (to, to#). 


( 2 . 11 ) 
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In the Epstein-Glaser framework the RG-flow is defined by a scaling 
transformation a p [II110: 

= P<I>(P X ) > ( t ) = A^,B,ip,u,u , p> 0, (2.12) 

and a simultaneous scaling of the masses m >->• p ~ l m = ( p~ 1 m , p~ 1 mn ); see 
[Tj for the precise definition of u p . Under this transformation the classical 
action is invariant (up to a scaling of the switching function g). 

In QFT scaling invariance is in general broken in the process of renor¬ 
malization. To explain this, we introduce the generating functional S(iL(g)) 
of the time-ordered products of L(g), i.e. 

d n 

T n (L(g)® n ) = -^\ v=0 S(i V L(g )) or generally T n = S™( 0) , (2.13) 

which we construct inductively by Epstein-Glaser renormalization Il2l . To 
define the RG-flow, we need to perform the adiabatic limit 

S[L] := lim S(iL(g e )) , g s (x) := g(sx) , (2.14) 

ElO 

where g{ 0) = 1 is assumed. For a purely massive model and with a suitable 
(re)normalization of S(iL(g)), this limit exists in the strong operator sense. 
For a rigorous proof of this statement we refer to caul; in this paper we 
treat the adiabatic limit on a heuristic level. 

The Main Theorem of perturbative renormalization mmm implies 
that a scaling transformation of S[L], i.e. 

S m [L m ]^a p (S,- lm [a p - 1 (T m )]) , 

can equivalently be expressed by a renormalization of the interaction L m K > 
z p (L m ) (“running interaction”), explicitly 

a p (S p - lm [a;\L m )}) = S m [z p (L m )} , (2.15) 

where the lower index m of S m denotes the masses of the Feynman propa¬ 
gators. This is explained in detail in Sect. [3] 

The form of the running interaction. Using general properties of the running 
interaction (derived in I|), we know that each term appearing in z p (L) is 
Lorentz invariant, has ghost number = 0 and has mass dimension < 4. In 
addition, using that L (12.71) is even under the field parity transformation 

(A, B , ip, u , u ) (- A , —B, ip, u, u) , (2.16) 

one easily derives that also z p {L) is even under this transformation. One can 
also show that only one term containing the Fadeev-Popov ghosts can appear 
in ( z p (L) — L ), namely a term ~ uu. Moreover, with a slight restriction on 
the (re)normalization of S(iL(g)), one can exclude 1-leg terms from z p {L) 
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Using these facts, we conclude that the running interaction has the form 


z p {L)~h 1 k p - jOopF' 2 + ^-a lp A' 2 - ^(dA) 2 + ^kop(dB) 2 - 


c 2p uu + b 2p m ( AdB) 


1 .. . 9 m 2 r, 9 m 2 

+ 2 C ° p (^0 - —ci P 

+ k^(1 + l 0p )mA 2 ip - ^ uuip + (1 + hp) B(Adf) 


— (1 + l 2p ) if (AdB) — 

' (1 + hp) 


(1 +l 3p )m 2 H 3 (1 + Z 4p )m^ d2 

- G9 

2 m 

(1 + h p ) a2 d2 


B\) 


( lIT a >5 p; A 2 <p 2 + A 2 H 2 - 


2m 

(1 + ,4 


8m 2 


ip 


(1 + hp)m 2 H _ 2d2 (1 + /9p) TO H d 4 , , / 4 2 \ 2 ^\ 

VB -^- B +hip(A) j 


4 m 2 


8 m 2 


(2.17) 


where ~ has the same meaning as in EH and k p £ ?iC[[/i]] is a constant field 
(it is the contribution of the vacuum diagrams), which may be neglected. 

The dimensionless, p-dependent coefficients k p , dj P , bj P , Cj P and lj P will 
collectively be denoted by e p . In principle these coefficients are computable 
- at least to lowest orders; however, at the present stage they are unknown. 
As shown in HU, the e p ’s are formal power series in ti 2 h with vanishing term 
of zeroth order, 


e p = e( k 2 H) u , e = k, aj, bj, Cj, lj . (2-18) 

n—1 

Due to Zp—i(L) = L/H, all functions p K > e p have the initial value 0 at p = 1. 
Renormalization of the wave functions, masses, gauge-fixing parameter and 
coupling parameters. Except for the AdB- and A 4 -term, all field monomials 
appearing in z p (L) are already present in Lq + L. Therefore, introducing new 
fields, which are of the form 

<f>p(x ) = U(p) <t>(x) , <j) = A,B,ip, (2.19) 

where : (0, oo) —> C is a ^-dependent function, and introducing a running 
gauge-fixing parameter A p , running masses m p = (m p , niBp, rn up , rriHp) and 
running coupling constants K P Xj P , we can achieve that Lq + z p (L) — k p has 
roughly the same form as Lq + L: 

L 0 + z p (L) - k p = L p 0 + L p , (2.20) 


where 




m n „ 1 _ 

- ^A 2 p + -(dB p ) 2 - 


B 


p - ^(8A,) ! 


, 1 \2 m Hp 2 

+ 2 W-2 ^p 


<9u<9u — m 2 p uu 


2 


( 2 . 21 ) 
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(with F£ v := d p A" - d u A p ) and 


L p = n p (m p A 2 p p p -^-^ 


ump + Ai pBp(Apdip p ) 


A 2 p ( Pp{ApdBp'j 


^3p m Hp 3 ^4 p Tn 2 Hp 


2 m p p 


2 m c 


B 2 P F P ) 


K i(hlLA 2 y 0 + ^A 2 0 B 

V 2 pYp 2 p ‘ 

As pITT-Hp 2 r->2 ^9p TO H, 


Afi 


Arpm|f 

8 ?Tlp 


P 4 




4?n2 ^ p 


8 nip 


T ((Ai 2 p l)ni-p T \J A p vriBp) ApdBp . 


( 2 . 22 ) 


In view of the Higgs mechanism for L + z p {L) (12.27(1 . the definition of Ai 2 P is 
rather complicated. Apart from the A<9.B-term, we have absorbed the novel 
bilinear interaction terms in the free Lagrangian. Since every new field is of 
the form (12.191) . the condition (12.201) is an equation for polynomials in the 
old fields; equating the coefficients we obtain the following explicit formulas 
for the running quantities: 

- for the wave functions 


Ap — \/l + a 0 p A p , B p — y/l + bop B , ip p — \J\ + Cq p ip ; 


for the gauge-fixing parameter 


_ A + Q2p 

P 1 + a 0 p 


for the masses 


m 0 = 


' 1 + Olp 
1 + CtQp 


m 


1 + ci p 


mHp = \n + 


^0 p 


m H , 


l + bip m 

mBp -\Jl + b 0 p VA 

for the coupling constant 


_ JYI 

lYlup \/l-f-C2p 1 


1 + i| 


Kn = 


Op 


■%/ (1 + Q0p)(l + aip)(l + cop) 




(2.23) 

(2.24) 


(2.25) 


(2.26) 


and the running coupling parameters A j P are determined analogously. 

By the renormalization of the wave functions, masses and gauge fixing- 
parameter, we change the splitting of the total Lagrangian Lq + z p (L) into a 
free and interacting part, i.e. we change the starting point for the perturbative 
expansion. To justify this, one has to show that the two pertubative QFTs 
given by the splittings Lq + z p (L) and Lq + L p , respectively, have the same 
physical contentll Using the framework of algebraic QFT, one has to show the 


2 This statement can be viewed as an application of the “Principle of Perturbative Agree¬ 
ment” of Hollands and Wald |15| . 
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following: given a renormalization prescription for L$ + z p (L), there exists a 
renormalization prescription for Lq + L P , such that, in the algebraic adiabatic 
limit, the pertinent nets of local observables (see [ 2 ] or m) are equivalent. 
This task is beyond the scope of this paper. 

Higgs mechanism at an arbitrary scale. Our main question is whether the 
Lagrangian Lq + L p can also be derived by the Higgs mechanism for all p > 0. 
By the latter we mean 

L P 0 + L p ~ Fp + 1 {D^pYDp^p - Vp^p) + I/g f + Tg host , (2.27) 


where D p and V p (<& p ) are obtained from (12.2I) - (12.3D by replacing 
(H p , £?, <p, m, m H , A) by (A p , B p , tp p , m p , m Hp , A p ) and 





T P 

ghost ' 


du • du — rrr up uu — 


> Aiop m 


umpp . 


(2.28) 


For the property (12.271) we also say that the model “can be geometrically 
interpreted as a spontaneously broken gauge theory at all scales” HU. By a 
straightforward calculation we find that (12.271) is equivalent to 


Aip — A 2 p — ... — Ag p — 1 , Anp — Ai 2 P — 0 . 


(2.29) 


To simplify the calculations we assume that initially we are in Feyn¬ 
man gauge: A p= i = 1. With that the geometrical interpretability (|2.29l) is 
equivalent to the following relations among the coefficients e p : 


Aip — 

1 gives 

1 + hp 

1 + lop 

/1 + bop 

V 1 +aip ’ 

(2.30) 

A 2 P = 

1 gives 

^2p — Wp 5 


(2.31) 

V 

CO 

TC 

II 

1 gives 

1 + hp _ 

1 + l 0p 

1 + Cip 

1 + flip 

(2.32) 

II 

1 gives 

1 + hp _ 
1 + hp 

1 + bop 

1 + Cop 

(2.33) 

^5/9 - 

1 gives 

1 + hp 

1 

(2.34) 

(1 + hp) 2 

1 + flip 

II 

a 

CO 

1 gives 

1 + hp 

1 + hp 

1 + bop 

1 + CQp 

(2.35) 
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Arp = 1 

gives 

1 + h P _ 1 + ci p 

(1 + lop) 2 (1 + a lp) 2 

(2.36) 

^8p = 1 

gives 

1 + lsp 1 + bop 

k + hp 1 + co P 

(2.37) 

Agp = 1 

gives 

1 + ^9p /1 + b 0p \ 2 

1 + h P ^1 + cop) 

(2.38) 

bip = 0 

gives 

hip = 0 , 

(2.39) 

b2p = 0 

gives 

b2p = \J 0- + °2p)(l + b\ p ) — 

- \J{1 + ai p )(l + b 0p ) . 


(2.40) 


Combining the equations (12.321) . (12.341) and (12.361) we obtain 

1 + hp = l + hp . (2.41) 

1 + hp 1 + lo P 

This condition and (12.401) are crucial for the geometrical interpretability, as 
we will see. 


Remark 2.2. BRST-invariance of Lq + z p {L ) is a clearly stronger property 
than the geometrical interpretability (12.271) . More precisely: considering the 
coefficients e p as unknown and assuming that s(Lq + z p (L)) ~ 0, we obtain 
rather restrictive relations among the coefficients e p which imply the equa¬ 
tions (12.30l) - (12.40l) . Ignoring k pi the number of coefficients e p , which are left 
freely chosable by the BRST-property, is 3; and for the geometrical inter¬ 
pretability this number is 9 - see PH- 


3. Physical consistency and perturbative gauge invariance 

Physical consistency (PC). The generic problem of a model containing spin 
1 fields, is the presence of unphysical fields. A way to solve this problem 
in a scattering framework is to construct S(iL(g)) such that the following 
holds. For the asymptotic free fields let Ttphys be the “subspace” of physical 
states. In the adiabatic limit lim g — > 1, S(iL(g)) has to induce a well defined 
operator from "Hphys into itself, which is the physically relevant ^-matrix. 

To formulate this condition explicitly, let Q be the generator of the free 
BRST-transformation so : = s| K= o: 

[Q, (fit ~ ihsa(j> , (/) = A p , B , ip, u, u , (3.1) 

where [•, •]J denotes the graded commutator w.r.t. the ^-product and ~ 
means ’equal modulo the free field equations’. With that we may write 
'Hphys := ^q , and the mentioned, fundamental condition on S(iL(g)) is 
equivalent to 

0 « [Q, S[T]]*| ker Q = \im[Q,S{iL(g £ )/h)\*\ keiQ , (3.2) 

£^0 

see mm- For simplicity we omit the restriction to ker Q and call the resulting 
condition “physical consistency (PC)”. 
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Stability of PC under the RG-flow. A main, model-independent result of this 
paper is that PC is maintained under the RG-flow. 

Theorem 3.1. Assume that S m (iL(g)) is renormalized such that the adiabatic 
limit e J. 0 exists and is unique for a p o S p - i m o a~ 1 (iL(g e )) Vp > 0, and such 
that S m {iL m {g )) fulfills PC for all values irij > 0 of the masses m = {mfi). 
Then, the following holds: 

[Q, S[ 2 p (L)]] + = S(iz p (L)(g e )\ i , »0, Vp > 0 . (3.3) 

Hence, at least in this weak form, BRST-invariance of the time-ordered 
products is stable under the RG-flow. 

Proof. As a preparation we explain the construction of z p (L) and derive 
(12.151) . Assuming that S fulfills the axioms of Epstein-Glaser renormalization, 
this holds also for the scaled time-ordered products a p o S o of 1 ; therefore, 
the Main Theorem non applies: there exists a unique map Z p = Z pm from 
the space of local interactions into itself such that 

(7 p O S p - l m O (7 p — S m O Z p m (3.4) 

(the lower index m on S and Z p denotes the masses of the underlying ★- 
product, i.e. the masses of the Feynman propagators). 

In view of the adiabatic limit we investigate Z p (iL(g e )/h) and take into 
account that dg e (x) ~ e. From [H Prop. 4.3] we know that there exist local 
field polynomials pk p {L) such that 

OO 

Z p{ iL( y9e)IK) = + / dx Pk P (L)(x) {Kg e (x)) k ^j + 0{e) . (3.5) 

k =2 ^ 

Obviously, pk p (L) is not uniquely determined: one may add terms of type 
d a A , |a| > 1, where A is a local field polynomial. Setting 

z P ( L ){g) '■= T / dx (• Lk ( x ) +Pk P (L){x )) ( ng(x)) k , (3.6) 

n k =1 •' 

where pi p := 0 and Lk := 0 for k > 3, we obtain 

Z p(i L i 9 e)/h) = i z p (L)(g e ) + 0{e) . (3.7) 

Using this result and (multi-)linearity of the time-ordered products, we obtain 

(EU): 

^(Sp-i^CT^L 111 )]) := lim a p o S p -i m o o~ 1 (iL m (g £ )) 

= lim S m (Z p (iL m (g e )))= hm S m (i z p (L m )(g e ))=: S m [^: p (L m )] . (3.8) 

By assumption the limit exists on the l.h.s.; hence, it exists also on the r.h.s.. 
With these tools we are able to prove (1331) : using the relations 

°7 1 ( i: ' m (ff)) = LP lm (ffi/p) (again g\{x) \= g(Xx)) 


(3.9) 
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and 


® p {P 1 m G) — CTp (-T) &p (G) > P & p O Q p— 1 m — Qm > (3.10) 

we obtain 

[Q m ,S m (Z p (iL m (g e )))l m = iQ m ,v p o S p -i m (iLP~ lm (g e/p ))l m 

= PVp([Qp-i m ,Sp-i m (iL p lm (g s /p))U p . i m ) • (3.11) 

By assumption, the adiabatic limit e ). 0 vanishes for the last expression. 
(Due to uniqueness of the adiabatic limit, it does not matter whether we 
perform this limit with g or <?i/ p .) With that and with (13.71) we conclude 

° ~ = 1 ™[Q, S (i z p( L )(9e))]* = [Q, SM^)]]* • 

□ 

Perturbative gauge invariance (PGI). For the initial model S(iL(g )) we ad¬ 
mit all renormalization prescriptions which fulfill the Epstein-Glaser axioms 
cam and perturbative gauge invariance (PGI) [7j :8;, 19,15, • The latter is a 
somewhat stronger version of PC, which is formulated before the adiabatic 
limit g —> 1 is taken. 

In detail, PGI is the condition that to the given interaction L(g) (12.111) 
there exists a “Q- vertex” 

P V {9'J)~ J dx (kPi(x) + K, 2 g(x)P 2 {x)^f(x), (3.12) 

(where g, f € 2?(R 4 ) and Pi, P 2 are local field polynomials) and a renormal¬ 
ization of the time-ordered products such that 

[Q,S(iL(g))] i ,Ki-^-\ v=0 S(iL(g) + gV'(g;d v g)) . (3.13) 

The latter equation is understood in the sense of formal power series in n 
and h. 

That PGI implies PC, is easy to see (on the heuristic level on which we 
treat the adiabatic limit in this paper): the r.h.s. of (13.131) vanishes in the 
adiabatic limit, since it is linear in the Q- vertex, the latter is linear in d u g 
and d u g E ~ e. 

Requiring PGI, renormalizability and some obvious properties as Poincare 
invariance and relevant discrete symmetries, the Lagrangian of the Standard 
model of electroweak interactions has been derived in mm- In this way the 
presence of Higgs particles and chirality of fermionic interactions can be un¬ 
derstood without recourse to any geometrical or group theoretical concepts 
(see also [2T]). 

It is well-known that the t/(l)-Higgs model is anomaly-free. Hence, our 
initial model can be renormalized such that PGI (13.131) holds true for all 
values of m,mH > 0. Using Theorem 13.11 we conclude that this model is 
consistent at all scales. 
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4. Higgs mechanism at all scales to 1-loop order 

In this section we explain, how one can fulfill the validity of the Higgs mech¬ 
anism at all scales, i.e. the equations (12.30D - (12.40D . on 1-loop level. 

4.1. The two ways to renormalize 

To write the fundamental formula (ED) to ro-th order, we use the chain rule: 
Zl%(L(g)® n ) = <j p o T nm/p {(a~ l L(g))® n ) - T nm (L(g)® n ) 

E T^^pZ^Mg)^)) , (4.1) 

P£Part({l,...,n}, n>\P\>l 

where Z p”' 1 := Zp n \ 0) is the n-th derivative of Z P (F ) at F = 0 and the two 
terms with |P| = n and |P| = 1, resp., are explicitly written out. 

We are now going to investigate the contribution to the r.h.s. of (14.11) of 
a primitive divergent diagram T, i.e. T has singular ordeiH w(T) > 0 and does 
not contain any subdiagram Ti C F with less vertices and with w(ri) > 0. 
For such a diagram, the expression in the second line of ED vanishes. 
Denoting the contribution of F to T nm (L(g)® n } by 

„ n 

/ dx 1 . ,.dx n ^(x 1 -x n ,... ,x n -i - x„) P r (xi,. ..,x n ) 

^ k =l 

(where P r ( x \,..., x n ) is a, in general non-local, field monomial and the values 
of ji ,..., j n £ {1, 2} depend on T), the computation of the contribution of T 
to Zp™m(L(g)® n } amounts to the computation of 

P° r tL/pipy) - C(y) > (4-2) 

where D r := w(r) + 4(n — 1) G N and y := (x\ — x n> ..., x n -\ — x n ). 

For simplicity we assume that 0 < w(T) < 2; this assumption is satisfied 
for all 1-loop calculations which are done in El and whose results are used in 
this paper. Applying the scaling and mass expansion (“sm-expansion”) nni, 
we then know that is of the form 

4 (y) = t r (y) + r^iy) , r T m =0{ m 2 ) , w(r^) < 0 , (4.3) 

where t r := (i.e. all Feynman propagators are replaced by their mass¬ 

less version). The remainder scales homogeneously, p D r^/pipy) = r m(2/)> 
because it can be renormalized by direct extension (see footnote ED- 

To investigate p D t r (py) — t r (y), we omit the upper index T and use 
the notations w := w(T), l := (n — 1) and Yj := y^ — iO. We start with the 

3 For t £ T>'(R l ) or t £ \ {0}), the singular order is defined as u(t) := sd(t) — l, 

where sd (t) is Steinmann’s scaling degree of t , which measures the UV-behaviour of t 
w- In the Epstein-Glaser framework, renormalization is the extension of a distribution 
t° G T>'(M 1 \ {0}) to a distribution t E with the condition that sd(i) = sd(t°). In 

the case sd(t°) < l, the extension is unique, due to the scaling degree requirement, and 
obtained by “direct extension”, see [2] Theorem 5.2], [4] Appendix B] and [5l Theorem 

4.1]. 
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unrenormalized version t° £ \ {0}) of t := t T , which scales homoge¬ 

neously: 

p“ +4l t°(py) = t°(y) . (4.4) 

We work with an analytic regularization HU: 

t c °(y)~t°(y)(M 2l Y 1 ...Ytf , (4.5) 


where £ £ C \ {0} with |£| sufficiently small, and M > 0 is a renormalization 
mass scale. t^° scales also homogeneously - by the regularization we gain that 
the degree (of the scaling) is (w + 4Z — 2Z£), which is not an integer. Therefore, 
the homogeneous extension A £ T>'(M. 41 ) is unique and can explicitly be 
written down by differential renormalization [SJ Sect. IV.D], 

Using minimal subtraction for the limit (-> 0 we obtain an admissible 
extension t M £ X>'(R 4i ) of t° 0 Corollary 4.4]: 


t M (y) 


(~1 r 

(Jj\ 


E a * 

n.-.roj- 1-1 


...a 


Uri 


1 

L2 1 


(y ri ■ ■ ■ y ruJ+1 t°(y) log(M 2 / Yi... Y))) 


+ 



(4.6) 


where Y^ r 9 Vr (y r ■ ■ ■) ■= d p r (Vr ■ ■ •) and the overline denotes the direct 
extension. By means of (14.31) we obtain the corresponding distribution of the 
massive model: := t M (y) + r m . In the following we use that 

pjp E ■ • ■ V (vr 1 ...y ru+1 r{yj) = E da5 ^) 

ri...r u +i \a\=ui 


for some M-independent numbers C a £ C, as explained after formula (104) 
in [5]. 

Whether the expression (14.21) vanishes depends on the following choice: 

(A) if we choose for M a fixed mass scale, which is independent of m,m#, 
homogeneous scaling is broken: 

p u+41 C /P (py) - C(y) = p u+41 t M ( P y) - t M (y ) = io gP E c *> 

\a\=uj 

M") 

The breaking term is unique, i.e. independent of M; therefore, we may 
admit different values of M for different diagrams, however, all M’s 
must be independent of m,mn- 

(B) In contrast, choosing M such that it is subject to our scaling transfor¬ 
mation, i.e. M := a\m + where (op, 02) £ (R 2 \ {(0, 0)}) may be 

functions of ^L., the diagram T does not contribute to the RG-flow: 

p u + 41 t M/ P{py) t M {y) = p+4* t M/ P{py) _ t M {y) = 0 (4.8) 


Remark 4.1. The requirement that the initial t/(l)-Higgs model fulfills PGI, 
is neither in conflict with method (A) nor with method (B), for the following 
reason: we require PGI only for the initial model. Now, working at one fixed 
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scale, the renormalization constant M appearing in (Id.61) may have any value 
M > 0 for both methods (A) and (B) and, hence, one may choose it such 
that PGI is satisfied. These methods only prescribe how M behaves under a 
scaling transformation: using (A) it remains unchanged, using (B) it is also 
scaled: M >->• p~ 1 M. 


4.2. Equality of certain coefficients to 1-loop order 

We explain the basic idea in terms of the two diagrams 

t°lm(y) : =W 0 (T 2 OTV(2:i)<g) A v <p(x 2 ))) = -ftV" &m(v) A m H (y) > 

* 2 m( 2 /) ■=^o{t 2 {A ix B{x 1 ) ® A v B(x 2 )fj = -h 2 g fa/ (A£(y)) 2 , 

^ 2?'(R 4 \ {0}), where wo denotes the vacuum state and y := X\ — 
Xi- These diagrams are related by the exchange of an inner y)-line with an 
inner B-line. The essential point is that in the sm-expansion of these two 
distributions, 


=tj(y)+r° m (y) , r° m = 0( m 2 ) , w(r° m ) < 0 , j = 1,2, (4.9) 

the first term (which is the corresponding massless distribution) is the same: 
t° 1 (y) = (D F (y)y = t° 2 (y). 

Renormalization is done by extending each term on the r.h.s. of (14.91) 
individually and by composing these extensions: tj m := tj + rj m £ ^'(K 4 ). 
For the remainders r° m the direct extension applies (see footnote 12), which 
maintains homogeneous scaling: p 4 rj m / p {py) = Tj m (y). We conclude: if we 
renormalize t° and t% both by method (A) or both by method (B), we obtain 

P A h m / P (py) - t lia (y) = p 4 ti(py) - ti(y) 

= P A h{py) - t 2 (y) = p A t 2 m/p(py) - t 2m (y) ■ 


We point out that different renormalization mass scales M for t\ and t 2 are 
admitted, only their behaviour under the scaling transformation must be the 
same. Therefore, this renormalization prescription is compatible with PGI of 
the initial [/(l)-Higgs model. 

Renormalizing certain Feynman diagrams, which go over into each other 
by exchanging B ££ p for some lines, by the same method (in this sense) - 
also triangle and square diagrams with derivatives are concerned - we obtain 
that some of the coefficients e p agree to 1 -loop order: 


c (1) - 6 (1) 

L 0p — u 0p 


,( 1 ) __ ,( 1 ) 

L lp — l 2 p 


,( 1 ) __ ,( 1 ) 

‘ 3 p ~ ‘ 4 p 


7 ( 1 ) _ ,( 1 ) 

l 5p — l 6 p 


/HI __ ,(1) _ ,(1) 

l 7p ~ ‘8 p — l 9p 


(4.10) 


for details see m- With that the equations (12.311) . (12.331) . (12.351) and (12.371) - 
(12.381) are fulfilled. 

In addition, the condition 


= 0 , (4.11) 

which is (12.391) to 1-loop order, can be derived from the stability of PC under 
the RG-flow, by selecting from (13.31) the local terms which are ~ A 2 Adu and 
by using results of Appendix A in [5|. 
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4.3. Changing the running interaction by finite renormalization 

On our way to fulfil the equations (12.30l) - (12.40l) on 1-loop level, we may use 
that the following finite renormalizations are admitted by the axioms of causal 
perturbation theory 13II EH] and that they preserve PGI of the initial model: 
to T 2 [Li(x \) ® £1(2:2)) we may add 

ti 2 ^oq (dip) 2 (xi) + a 2 m% tp 2 {xi) + a 3 F 2 (xi) + <24 (dA + mB) 2 

+ a 5 (-m 2 B 2 {xi) + (dB] 2 (x-i)) -f a 6 (m 2 A 2 (xi) - (dA) 2 (xi)) 

+ a 7 m 2 (-2 £11(2:1) + A 2 (xi) - B 2 (x 1))) d(aq - x 2 ) log , (4.12) 


where aq,..., a 7 € C are arbitrary. 

These finite renormalizations modify the 1-loop coefficients appear¬ 
ing in z p {L) (12.1711 as follows: 


a (1) 

a 0p 

H-7 

a (1) 

a 0p 

+ 

2 i a 3 log p , 

a (1) 

a ip 

h-7 

a (1) 

“ip 

- 

i (a 6 + a 7 ) log p , 

a (1) 

a 2p 

e-7 

a (1) 

a 2p 

+ 

i (a 4 - cr 6 ) logp , 

6 (1) 

°0p 

h-7 

6 (1) 

°0p 

- 

i a 5 log p , 

6 (1) 

°i P 

e-7 

6 (1) 
°i p 

+ 

i (a 4 - a 5 - a 7 ) logp 

6 (1) 

°2p 

1-7 

6 (1) 
°2 P 

+ 

i «4 log p , 

c (1) 

c 0p 

e-7 

c (1) 

c 0p 

- 

i aq log p , 

C (1) 

c lp 

e-7 

C (1) 
C 1 p 

+ 

i a 2 log p , 

C (1) 

c 2p 

t-7 

C (1) 

c 2p 

- 

i a 7 log p , 


(4.13) 

(4.14) 

(4.15) 

(4.16) 

(4.17) 

(4.18) 

(4.19) 

(4.20) 

(4.21) 


the other coefficients remain unchanged. 

We did not find any further finite renormalizations, which fufi.il, besides 
the already mentioned conditions, the requirements 

- that they do not add “by hand” novel kind of terms to ( z p (L ) — L) (see 
(12.171) ) as e.g. terms ~ dudu or ~ to ump, and 

- that the equations (14.101) are preserved. 

See El for details. 


4.4. How to fulfill the Higgs mechanism at all scales 


There are two necessary conditions for the Higgs mechanism at all scales, 
which are crucial, since they cannot be fulfilled by finite renormalizations. 

Verification of the first crucial necessary condition. The condition (12.411) 
reads to 1-loop level 


7(1) _ 7(1) _ 7(1) _ 7(1) 

l 7p ‘3 p ~ l 5p l 0p 


(4.22) 

Since the admissible finite renormalizations (14.121) do not modify the coeffi¬ 
cients there is no possibility to fulfill (14.221) in this way. However, com¬ 
puting explicitly the relevant coefficients by using the renormalization 
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method (A) for all contributing terms, we find that (14.221) holds indeed true. 
This computation, which is given in m, involves cancellations of square- 
and triangle-diagrams - this shows that (14.221) is of a deeper kind than the 
equalities derived in Sect. 14.21 

The identity (14.221) holds also if certain classes of corresponding dia¬ 
grams are renormalized by method (B). 

How to fulfill the second crucial necessary condition. The condition (12.401) 
reads to 1 -loop order 


b 2p = h («2p + b i p - «ip - b 0p) ■ ( 4 - 23 ) 

Performing the finite renormalizations (14.121) . i.e. inserting (14.13l) - (14.21f) into 
(14.231) . we find that all aj drop out - that is, the condition (14.231) cannot be 
fulfilled by means of these finite renormalizations. 

Computing the explicit values for the coefficients af p , by using 
method (A) (see [IT]), we find that (14.231) does not hold. Hence, using method 
(A) throughout, we have Ai 2 P ^ 0, i.e. the geometrical interpretation (12.271) 
is violated by terms ~ AdB. 

However, we can fulfill the condition (14.231) by switching the method 
from (A) to (B) for all diagrams contributing to b'^J and a part of the di¬ 
agrams contributing to a'^J [TT] . (This switch concerns also all diagrams 
contributing to , hence we obtain = 0 .) 

A family of solutions of the Higgs mechanism at all scales. The conditions 
(12.30l) - (12.40l) can be solved to 1-loop order as follows: initially we renormalize 
all diagrams by using method (A), except for the diagrams just mentioned, 
for which we use method (B) to fulfill the second crucial necessary condition 
(14.231) . Then we take into account the possibility to modify the coefficients 
by finite renormalizations (14.131) - (14.2 II) . This procedure yields the following 
family of solutions: 


x (1) 

l 0p 


= 2 fa ip , 


6 (1) - c (1) - ( 

°0p — L 0p — \ 

* 4 ? = (3 + 

/(!) - Q T 

L 0p — ° » 


/(l) _ /(l) 

p ~ L 6p 


a (1) 

a ip 

= - 

■4 ip , 

a (1) 

a 2 p 

= (fa - fa) L p 

5 


+ 2/i' 

lip 

6 (1) 

5 U lp 

— (4 

+ 2Zi + fa + fa) L p , 


Lp , 

c (1) 

c lp 

= -( 6 

m 2 

+ 5^f)i p , 

4 1 ; =( 

— 1 + fa) L p , 

z (1) - 

7 ( 1 ) 

l 2p 

=: h L 

P J 

/a) _i(i) _ (1 

l 3p — l 4p — ^ 

0 

TO 

m H 

— 5—y') L p , 
m z / 

ip > 

l {1) 

' p 

- Z (1) - 

- ( 8p - 

-z (1) 

- l 9p 

1 

co 

1 

II 

■s4) 

ip (4.24) 


and 4 !p = 0, where L p := -A? logp, the number l\ is obtained on comput¬ 
ing l[ X J =: l\L p by method (A), and fa := z 87 r 2 0 : 3 , fa ■= * 87 t 2 aq, fa := 
z 87 r 2 «6 = —* 87 t 2 ay £ C are parameters with arbitrary values. 

The family (14.241) is by far not the general solution of the conditions 
(12.30l) - (12.40l) : in particular, there is the trivial solution z p {L) = j- (L + 0(h 2 )) 
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(i.e. ep 1 ) = 0 Ve), which is obtained by renormalizing all 1-loop-diagrams by 
method (B). 

To 1-loop order one can even find a non-trivial solution of the clearly 
stronger property of BRST-invariance of (Lq + z p {L))\ but this requires a 
very specific combination of the methods (A) and (B) for the various 1-loop 
diagrams and suitable finite renormalizations. Hence, in general, s(Lq+z p (L)) 
is not ~ 0, and also so-^o is not ~ 0; in particular these two statements hold 
for the family (14.2411 - see [TT] , 


4.5. Frequently used renormalization schemes 

In conventional momentum space renormalization a frequently used renor¬ 
malization scheme is dimensional regularization with minimal subtraction, 
which preserves BRST-invariance generically. Applied to the 1-loop diagrams 
of our initial model, this property implies that the resulting time-ordered 
products fulfill PGIo Dimensional regularization needs a mass scale M > 0; 
which remains in the formulas when removing the regularization by using 
minimal subtraction, and plays the role of the renormalization mass scale. 
Usually M is chosen according to method (A); and the minimal subtrac¬ 
tion prescription forbids to perform any finite renormalization. Therefore, 
using this prescription, the Higgs mechanism is not applicable at an arbi¬ 
trary scale, because the second crucial necessary condition (14.2311 is violated. 
Relaxing this prescription by admitting the finite PGI-preserving renormal¬ 
izations (14.13|> - (14.21l) . the violation of (14.2311 cannot be removed. 

Another state independent renormalization scheme is the central so¬ 
lution of Epstein and Glaser [12] . (For 1-loop diagrams this scheme corre¬ 
sponds to BPHZ-subtraction at p = 0.) Since the subtraction point p = 0 is 
scaling invariant, the central solution maintains homogeneous scaling (w.r.t. 
(x, m) —» (px, m/p); cf. pH] Sec. 2.3]); hence, the pertinent RG-flow is trivial. 

In the conventional literature one meets also state dependent renormal¬ 
ization conditions: e.g. in the adiabatic limit the vacuum expectation val¬ 
ues of certain time-ordered products must agree with the “experimentally” 
known values for the masses of stable particles in the vacuum, and analogous 
conditions for parameters of certain vacuum correlation functions. Since “ex¬ 
perimental” results are not subject to our scaling transformation, a lot of 
diagrams are renormalized by method (A), if we use such a scheme. To 1- 
loop level, the validity of the Higgs mechanism at all scales amounts then 
mainly to the question: is it nevertheless possible to fulfill the second crucial 
necessary condition (14.2311 . which requires to renormalize certain diagrams 
by method (B)? 


4 We are not aware of a proof of this statement, but it is very plausible. A corresponding 
statement for higher loop diagrams involves a partial adiabatic limit, because such diagrams 
contain inner vertices, which are integrated out with g(x) = 1 in conventional momentum 
space renormalization — but PGI is formulated before the adiabatic limit g —» 1 is taken. 
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5. Summary and conclusions 

In the Epstein-Glaser framework the obvious way to define the RG-flow is 
to use the Main Theorem in the adiabatic limit HSHHUE]: the effect of 
a scaling transformation (scaling with p > 0) can equivalently be expressed 
by a renormalization of the interaction: L H > z p (L). The so defined RG-flow 
p z p (L) depends on the choice of the renormalization mass scale(s) M > 0 
for the various UV-divergent Feynman diagrams: if M is subject to our scaling 
transformation (method (B)) - e.g. the mass of one of the basic fields - the 
pertinent diagram does not contribute to the RG-flow. In contrast, if M is 
a fixed mass scale (method (A)), the corresponding diagram yields a unique 
(i.e. M-independent), non-vanishing contribution. 

Performing the renormalization of the wave functions, masses, gauge¬ 
fixing parameter and coupling parameters, we obtain a description of the 
scaled model L 0 +z p (L ) (Lq denotes the free Lagrangian) by a new Lagrangian 
Lq + L p , which has essentially the same form as the original one, Lq + L ; but 
the basic fields and the parameters are p-dependent. The title of this paper 
can be reformulated as follows: is the new Lagrangian Lq + L p derivable by 
the Higgs mechanism for all p > 0? 

We have investigated this question for the [/(l)-Higgs model to 1-loop 
order. We only admit renormalizations of the initial model which fulfill a 
suitable form of BRST-invariance of the time-ordered products - we work 
with PGI (EH . The answer depends not only on the choice of the renor¬ 
malization method ((A) or (B)) for the various 1-loop Feynman diagrams; 
the RG-flow can also be modified by finite, PGI-preserving renormalizations 
(14.121) of the initial model. Using this non-uniqueness, we have shown that one 
can achieve that the Higgs mechanism is possible at all scales; one can even 
fulfill the much stronger condition of BRST-invariance of Lq + z p (L). But 
this requires a quite (Higgs mechanism) or very (BRST-invariance) specific 
prescription for the choice of the renormalization method ((A) or (B)) for the 
various Feynman diagrams, and for the finite renormalizations. If one uses 
always method (A) - minimal subtraction is of this kind - the geometrical 
interpretation is violated by terms ~ AdB ; weakening this prescription by 
admitting finite PGI-preserving renormalizations, these ASR-terms cannot 
be removed. 

If one accepts the Higgs mechanism as a fundamental principle explain¬ 
ing the origin of mass at all scales (although it is not understood in a pure 
QFT framework), our results exclude quite a lot of renormalization schemes, 
in particular minimal subtraction. 

On the other hand we give a model-independent proof, which uses rather 
weak assumptions, that the RG-flow is compatible with a weak form of BRST- 
invariance of the time-ordered products, namely PC fTheorem ld.il) . However, 
in m it is shown that the somewhat stronger property of PGI gets lost 
under the RG-flow in general, and in particular if one uses a renormalization 
prescription corresponding to minimal subtraction. 
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